JOURNAL OF AIRCRAFT
Vol. 45, No. 3, May—June 2008

Bifurcation Analysis of Aircraft with Structural Nonlinearity
and Freeplay Using Numerical Continuation

G. Dimitriadis*
Université de Liege, 4000 Liege, Belgium

DOI: 10.2514/1.28759

In recent years the aeroelastic research community has carried out substantial work on the characterization and
prediction of nonlinear aeroelastic phenomena. Of particular interest is the calculation of limit cycle oscillations,
which cannot be accomplished using traditional linear methods. In this paper, the prediction of the bifurcation and
postbifurcation behavior of nonlinear subsonic aircraft is carried out using numerical continuation. The analysis
does not make use of continuation packages such as AUTO or MatCont. Two different continuation techniques are
detailed, specifically adapted for realistic aeroelastic models. The approaches are demonstrated on a model of a
simple pitch—plunge airfoil with cubic stiffness and an aeroelastic model of a transport aircraft with two different
types of nonlinearity in the control surface. It is shown that one of the techniques yields highly accurate predictions
for limit cycle oscillation amplitudes and periods while the second method trades off some accuracy for

computational efficiency.

I. Introduction

HE prediction of the bifurcation behavior of aircraft is an area of

research that is receiving increasing amounts of interest,
especially the prediction of bifurcations resulting in limit cycle
oscillations (LCO). Bifurcations in aircraft can occur due to a number
of nonlinearities that may be present, including structural, aero-
dynamic, or control nonlinearities. Various methods have been
proposed in the past for the prediction of the bifurcation conditions
and postbifurcation behavior of nonlinear aircraft, such as the
harmonic balance method, normal form [1], center manifold [2], and
various types of linearization. Numerical continuation has also been
used by some researchers. However, the treatment of numerical
continuation by aeroelasticians has always been through software
packages such as AUTO [3] and MatCont [4]. Such studies include
the piecewise linear work by Roberts et al. [3], the store-induced limit
cycle oscillation investigation by Beran et al. [6], the panel flutter
work by Gee [7], and other LCO prediction work [8,9]

Although complete packages such as AUTO and MatCont are
very comprehensive and can deal with many different types of
bifurcation, they were developed for general nonlinear dynamic
systems. As such they are not necessarily suitable for very large
systems with dozens or even hundreds of states. In this paper
numerical continuation is implemented from first principles, with-
out recourse to dedicated packages. It is shown how the method can
be applied to aeroelastic models of full aircraft. The method is
tailored to be as efficient as possible given the particularities of
aeroelastic models. In essence, this paper offers a complete numeri-
cal continuation methodology for nonlinear aircraft with linear
aerodynamics.

II. Basics of Numerical Continuation

The term numerical continuation is used to denote a class of
methods that have been developed over many years, designed to
solve nonlinear problems that depend on one or more parameters.
The main objective of numerical continuation is the solution of
nonlinear algebraic equations of the form
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f(x,A)=0 (€))
where f is a vector containing nonlinear functions, X is a vector of
independent unknowns, and A is a parameter whose value can vary.
Given a known solution X, at A, numerical continuation can be used
to obtain a new solution X + Ax at A, + AA, where AA is a small
change in parameter value.

The numerical continuation of nonlinear dynamic systems deals
with the solution of the equations of motion of these systems. In this
work, it will be assumed that the equations of motion are ordinary
differential equations (ODEs) of the form

x =f(x,1) )
where x(7) = [x,(7) x,(1) T isan x 1 vector of system states
andf=[f, - fa]lis an x 1 vector of functions of x and the
parameter A. In this context, solving for f(x, 1) = 0 is equivalent to
x =0, that is, looking for the system’s stationary points or
equilibrium points. As the parameter A is varied it can happen that the
behavior of the system changes from decaying toward one or more
stationary solutions to admitting periodic solutions, called limit cycle
oscillations. This phenomenon is usually called a Hopf bifurcation
[10]. In this work, the continuation of such periodic solutions will be
mainly considered.

Itis assumed that the system of Eq. (2) admits periodic solutions of
period 7 for a range of A values. The time coordinate can be scaled
with respect to the period using

T=—

T 3)

so that Eq. (2) becomes

x' =Tf(x,A) 4
where the prime denotes differentiation with respect to t.
The basis of numerical continuation is the reduction of Eq. (4) into
a set of nonlinear algebraic equations of the form
F(x(2).A)=0 (5)
where F are nonlinear functions. Then, given an initial guess for x (),
say X, (7), at a particular value of A, a better value x can be obtained
by solving the Newton system

JF

Ax(t) = —F(x((1), )
X |xy().1
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X 1(7) = Xo(7) + Ax(7) (7

where Ax is an improvement in X,. The initial guess itself is, in
general, the true solution of Eq. (4) at a different value of A, say A,.
The Newton system can be reapplied a number of times until Ax
converges to a small value.

Several major approaches can be used to transform the differential
equation (4) into the algebraic equation (5). The approach used in
AUTO consists of guessing the solution of the equations of motion at
numerous time instances over one period and defining F(x) as the
difference between these guessed values and the true solution of
Eq. (4) [L1]. Using this approach the system of Eq. (5) becomes very
large; if the solution x is calculated using a numerical integration
method at m time instances the number of unknowns is n X m.
Doedel et al. [3] proposed numerous efficient methods for solving the
resulting sparse Newton system. Nevertheless, the number of
unknowns can quickly become very significant. For example, an
aircraft model with 10 structural modes will have 20 structural states
and 40 aerodynamic states if unsteady aerodynamics with four lags
are used. If 200 time steps are used in one period then the total
number of unknowns is 12,000. By default, AUTO 2000 restricts the
problem size to 36 states. Therefore, alternative techniques must be
sought for aeroelastic problems.

Such an alternative method for the transformation of the
differential equations to algebraic equations is the shooting method,
which is essentially a boundary value approach. For a solution x(7)
to be periodic, the values of the states at the start of the period must be
equal to those at the end of the period. Therefore, the numerical
continuation scheme becomes a boundary value problem solving

x (0) = x(1) (®)

The first-order system of differential equations becomes a Newton
system for

F(x,T,)) =x(0) — x(1) =0 )

The function F is evaluated by choosing an initial condition vector
x(0) and calculating x (1) using a numerical integration method. Any
numerical integration technique, such as Newmark or Runge—Kutta
can be used. In essence, the shooting method is a clever application of
numerical integration. Starting from a known solution x,(7) and T},
at Ag, the full Newton system at A = A, + AX becomes

oF oF
(ax(O)

Ax
xn.Tﬂ_xﬁ xn‘TM)(AT) = —F(x(0), Ty, A)
(x1(0)) _ (XO(O)) N (Ax)
T T, AT

Equations (10) describe n equations with n 4 1 unknowns. They
can be completed using a phase-fixing equation. The simplest and
most robust technique is to set one of the elements of x(0) to be
always equal to zero, for example, x; (0) = 0. Evidently, this can be
done without loss of generality. Consequently, the number of
unknowns reduces to n.

The derivative matrices, dF/dx(0) and dF /3T, can be calculated
analytically if all the nonlinear functions in Eq. (4) are analytic. If this
is not the case, two approaches can be followed. The nonanalytic
functions can be replaced by analytic approximations, for example,
Coulomb friction can be replaced by a hyperbolic tangent function.
Specifically for piecewise linear functions, Roberts et al. [5] used the
analytic solutions of the linear subsystems to describe the response of
the fully nonlinear system.

The other approach is to calculate the derivative matrices
numerically. This can be achieved using a simple forward differences
scheme. For example, the derivative 0F/dx(0)|y, 7,1 can be
calculated as

10)

%[F(x(O) + 8%, Ty, 1) — F(x(0), Ty, 1) a
F(x(0) + 6, Ty, ) — F(x(0), T, V)]

where 8x is a small number and §x; is the ith column of the n X n
matrix dxI. Note that, if the first element of x(0) has been set to zero
for phase fixing then the calculation of the Jacobian starts at i = 2 and
the resulting matrix is of size n x (n — 1).

The numerical calculation of the derivative matrices can be
speeded up by applying a Jacobian updating method [12] such as
Broyden’s algorithm [13]. Broyden developed a class of “quasi-
Newton” methods for the solution of nonlinear algebraic equations
that do not require the explicit calculation of the Jacobian at each
iteration.

The size of the resulting Newton system is significantly smaller.
On the other hand, the Jacobian of Eqs. (10) is not sparse but full;
nevertheless, there is no size of aeroelastic model that cannot be
treated by the shooting approach.

A. Starting the Continuation Scheme

Nonlinear systems do not always have periodic solutions.
Aecroelastic systems, in particular, will generally have decaying
responses which bifurcate to limit cycle oscillations at a critical flight
condition. At subcritical flight conditions there is no sense in using
numerical continuation as described in the previous section. The
starting algorithm for the continuation scheme depends on the type
of bifurcation that occurs at the critical conditions. The vast majority
of studies into nonlinear aeroelastic systems deal with Hopf
bifurcations.

The first step is to determine the critical value of the airspeed, or
other continuation parameter, at which Hopf bifurcation occurs. It
can be shown that, when looking for a Hopf bifurcation, the stability
of the full nonlinear system [Eq. (2)] depends on the stability of the
linearized system around the equilibrium point, X . The equations of
motion of this linearized system are given by

. of
b= ¢ (12)
Xg A

which are first-order, linear, time-invariant ODEs. Therefore, the
stability of the nonlinear system can be investigated by calculating
the eigenvalues, p, of the matrix A = df/0x|; ;. If all the
eigenvalues have negative real parts then the system is stable and its
response amplitude will decay with time. If at least one complex
conjugate pair of eigenvalues, p., has zero real parts, a Hopf
bifurcation has occurred [14]. The parameter value at which this
condition is met is the critical parameter value, A .. The critical pair of
eigenvalues will be of the form = jw,, where ; = +/—1 and w, is the
radial frequency of the resulting limit cycle. Therefore, the
oscillation period at the Hopf point is 7, = 27/ w, [14].

Once the critical value A. has been encountered, the LCO
continuation scheme can be started. At a condition A, + AX the
solution of the equations of motion are approximated by a sine wave
with period w, and amplitude parallel to the eigenvectors
corresponding to the critical eigenvalue of A at A, that is,

X (T, A, + AL) = &(v,€27 + v,e727) (13)

where v, is the eigenvector of A corresponding to the jw,
eigenvalue, v, is the eigenvector corresponding to the —jw,.
eigenvalue, and ¢ is a small positive real scalar. Choosing € = ~/AA
will, in general, yield an initial guess good enough to allow the
Newton system to converge to the true periodic solution at A, + AA.

B. Arclength Continuation

The numerical continuation scheme described in the previous
sections is the most basic scheme available. It is usually called
“natural parameter continuation” because the continuation parameter
is also the system parameter. For nonlinear problems the number of
real solutions is not constant. Solution branches can appear,
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disappear, or intersect at different values of the natural parameter.
Additionally, solution branches may undergo folds, that is, changes
of direction in parameter space. Bifurcation and fold points are
collectively known as singularities [15]. Natural parameter
continuation will fail at singularity points.

A more robust continuation strategy is the so-called arclength
continuation. In this case, the chosen continuation parameter is not A
but the distance s, traveled along the branch being followed. The
numerical continuation is preformed in small steps of As instead of
small steps of AA.

Around the fold, As must be small to continue the solution
successfully; but away from the fold, a small value of As is not
necessary and computationally inefficient. This is usually achieved
by means of pseudoarclength continuation [11]. The pseudoar-
clength is defined in terms of the rate of change of x(0), 7, and A with
s as

oA
AT+$

ax(0)T

oT
AX + —
as

N

AL =As (14)

x0.T0.A0 x0.70.A0 x0,7T0.Ao

and AA is now treated as an additional unknown so that the
pseudoarclength form of the Newton system becomes

_OF IF IF
7x(0) aT ax Ax
x0,To. o x0,T0,A0 X0, 0. o AT
ax(0)” or oA
T i B Ad
x0.T0.Ao 0Xo:To-ho oXo-Toko
_ ( —F(x(0). T, 1) (as)
As
x;(0) x0(0) Ax
T, = T, + | AT
. Ao AL

which is a system of n + 1 equations with n 4+ 1 unknowns. The
initial direction vectors are assumed to be known. Once the solution
x at conditions T, A has converged, new direction vectors can be
calculated from the following system of equations:

9x(0)
ds
JF oF oF x,T,A
ax(0) ar an 0
x,T, x,T,A x,T,A aT _
T ds - ( 1 )
9x(0) T A x,T,A
ds ds ds
x0.T0. o x0.70. 0 x0.70. o L
s
x,T.A

16)

Notice that the second line of Eq. (16) is an approximation of
Eq. (14). As such, the new direction vectors will not have length
exactly equal to 1. This can be achieved by rescaling them by a scalar
a equal to

_ |9x(0)
=V s

that is, the length of the approximate total direction vector obtained
from Eq. (16).

T 2

x,T.A BS

T 9x(0)

x,T.A Bs

S

x, T\ a

an

x,T,A

C. Step Control

The value of the arclength increment, As, is a crucial parameter. If
it is too high, then the singularity may be missed and continuation
may fail. If it is too low, then the continuation scheme becomes
unnecessarily slow. In general, as a solution branch is followed, the
direction vectors will change length and the solution will advance at a
variable rate.

Step control algorithms attempt to normalize the advance rate of
the solution so that the arclength increment becomes smaller at areas
of high curvature and larger at areas of low curvature. There are

several such algorithms but here only the “step length adaptation by
asymptotic expansion” [12] method will be considered. The method
attempts to fix the rate at which the Newton system converges.
Consider the Newton system of Eq. (15) and denote by u the vector
u=[Ax(0)" ATT AAT]'. The Newton iterations are stopped
when vuTu < ¢, where ¢ is a small positive real number. Denote by
u, the value of u at the end of the first iteration and by u, its value at
the end of the second iteration. A contraction rate can be defined as

T
—yihth (18)

Vulu,

so that it represents the speed with which the solution is approached
at the first two iterations. It is desired to keep this speed to a constant
value k. Then, once the Newton system has converged and new
direction vectors have been calculated, a new arclength increment,
As is defined as

As = As (19)

=

In this manner the contraction rate is kept approximately constant as
the solution branch is followed.

D. Stability Analysis

Periodic solutions of nonlinear systems can be stable, unstable, or
half-stable depending on whether they attract trajectories or not.
Formally, for a periodic orbit x to be stable, the Poincaré stability
condition [16] states that

/TV-f(x)dt<O (20)
0

where V.f denotes the divergence such that V.-f=
af/ox, +--- 4+ df,/0x,. Equation (20) can be calculated once a
new converged periodic orbit x with period T at A has been obtained.

In the case of the shooting method the vector space f depends only
on x,. Once a converged orbit x has been obtained, the divergence of
f can be obtained from

JF
V- f(x,) = trace (a—xo

) 21
xo,T,A

and the Poincaré stability parameter can be estimated from the sum of
the elements of V - f(x;).

III. Incremental Numerical Continuation

Incremental numerical continuation (INC) is proposed here as a
faster and less memory intensive continuation scheme, designed to
avoid the Newton—Raphson iteration at each value of the
continuation parameter, at the expense of accuracy. As before, the
equations of motion are scaled with respect to the period and it is
assumed that they have a known periodic solution, X, (#) at A, with a
period T, such that Eq. (4) becomes

x o = Tof (Xg, Ag) (22)

It is desired to calculate other solutions x in the neighborhood of A,.
The main assumption underlying this calculation is that the
derivative of f with respect to A is continuous and finite in the
neighborhood. Then, if A is increased by a small amount AA, the
changes in x and 7 are also small, so that

X =X, + Ax, T=Ty+ AT (23)
Substituting Egs. (23) into Eq. (4) yields
X+ AX = (T + AT)E(xy + AX, Ay + AL) 24)

Expanding the nonlinear function as a first-order Taylor series
around A yields
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X, + Ax’ =(TO+AT)(f(x0,k0)+% Ax —|—%

Ak)
X0,A0

=TyC + TyAAX + TyBALA + CAT (25)

X0,A0

where the derivatives of f with respect to x (Jacobian) and A are
denoted by

A(r) = , B(r) =

X0.AQ

% n xo.)»()’ C(r) =1(x, Ag)

(26)

and terms in AT Ax and AT AA are assumed to be negligible. Noting
from Eq. (24) that x; = T,)C yields

AX' = TyAAX + T,BALA + CAT @7)

Equation (27) is a set of n first-order linear differential equations
with time-dependent coefficients, to be solved for the unknown
changes Ax and AT in the periodic solution of Eq. (2) caused by a
small change in parameter value AA. Notice that, as in the case of the
shooting method, the solution Ax(#) depends uniquely on the value
of the initial conditions, Ax(0). Therefore, there are n unknown
initial conditions and one unknown period perturbation, AT, for a
total of n 4+ 1 unknowns, whereas there are only n equations.

The INC method is based on the discretization of the periodic
solution at m discrete points over an entire period. Therefore, X (7) is
available at m time instances and AX is to be calculated these same
time instances. As the response at A, + AA is also assumed to be
periodic, it is required that

Ax(0) = Ax(1) (28)

This condition is the governing equation for the calculation of Ax
and AT. There are many ways to complete this calculation; here a
first-order finite difference scheme is chosen. The derivative of Ax
with respect to t can be expressed as

A — Ax; AXJH Ax;

[
Axj = Tt — T ot
Jj+1

(29)
where the subscript j denotes values at the jth time instance.
Substituting into Eq. (27) yields

Ax; i = (I + 8tTyA ) Ax; + 81(TyB; AL + C;AT) (30)

This is a regression equation that gives the value of Ax at 7, in
terms of its value at ;. For j = 0:

AX] = (I + (STT()A())AXO —+ ST(T()B()A)\, + C()AT)
For j =1:

AXZ = (I =+ STT()A])AXI =+ 5T(TOB] A)\. + C] AT)
= (14 8tTyA ) (I + 6T Ay) Ax,
4 (14 81T, A,)8t(TyBy Ak + CyAT) + 51(TyB, AL+ C, AT)

For j =2:

Ax; = (14 68tTHA) Ax, +8t(TyB, AL+ C,AT)
=T+ 61ToAy) (X + 6tToA ) (I 4+ 8tTyAp) AX,
+ (X4 06tToAr) (X 4 67T, A )t(ToBo AL + CoAT)
+ (X4 61ToA,)8t(ToB; AL+ C,AT) +61(TyB, AL+ C,AT)

By extension it can be seen that

J
Ax;py =] [+ 8tTA ) Axq
i=0
j—1 j—i—1
+ 3 [T @+ 8c10A,_)80(TyB, AL + C,AT)

i=0 k=0
+ 8t(ToB;A) + C;AT) 31)

Equation (31) can be simplified by denoting

J
= l_[(I + STT()A]',,')
i=0
j=1 j=i—1
Q=) [](+8TA, )scC; + 57C; (32)
i=0 k=0
Jj—1 j—i—1
Z (I 4 8tTyA;_)8tToB; + 87T, B;

i=0 k=0
yielding
Ax;y =P;Axy + QAT + R;AL (33)
For j = m — 1 this equation becomes
Ax, =P, 1Axqg+ Q, AT + R, _ AL 34)
Substituting Eq. (34) into Eq. (28) yields

(I-P, A% —Q,_ AT =R,,_;AL (33)

which is a linear system of n algebraic equations for the n + 1
unknowns Ax, and AT. To complete the system of equations a
phase-fixing condition must be introduced. One such condition is the
Poincaré phase condition, given by

(x(0) — x0(0))"x;(0) =0 (36)
which can be easily transformed to
ClAxy=0 37

Thus, the final system of equations becomes

I-P — A R,_ AL
(8 -] e

Phase fixing can also be performed using a predictor—corrector
approach [17] but this is a slower process and is not considered in this
work.

Equation (38) is the basis of the INC scheme. Once an accurate
periodic solution has been calculated, Eq. (38) can be used to
continue this solution for different values of the controlling
parameter, A. The algorithm can be written as follows:

1) Obtain a periodic solution of the system under investigation.

2) Extract one full period’s worth of data, x,, and calculate the
period, T,.

3) While A < Apax

Calculate the matrices A, B, and C.

Solve Eq. (38) for the initial conditions Ax, and period increment
AT.

Calculate Ax from Eq. (30).

Set Ag = Ag + AA.

Set x, = X, + AX.

Set T() = TO =+ AT.

4) End.

Amax 18 the maximum value of A for which the solution is to be
continued. It can be seen that the method does not attempt to ensure
that X, + Ax is an exact solution of the equations of motion; each
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continuation step approximates the exact solution and the accuracy
of this approximation increases with decreasing AA. As there are no
Newton—Raphson iterations the method is very fast but requires more
continuation steps because AA must be significantly smaller than in
the case of the shooting method.

A. Pseudoarclength Continuation

The incremental numerical continuation scheme can be used in
conjunction with a pseudoarclength parameter in a manner very
similar to that demonstrated in Sec. IIL.B. In the case of the INC
method the unknowns are the increments in the values of x(0) and the
increment in the period. The increments Ax,, cannot be used directly
to define an arclength, only a change in arclength. Therefore, the
initial values X, are used to define the pseudoarclength, as was done
for the shooting method.

The pseudoarclength form of the INC equations becomes

(I - Pm—]) _Qm—l _Rm—l
c? 0 0 Axo 0
, : ’ AT ;=3 0
B0 x 2 A As
x0,T0.Ao x0.T0.Ao x0,T0.ho

(39)

The new direction vectors can be calculated from the increments
Axy, AT, AA, and As as

0x(0)
ds

_Axg aT
x_”_ As as

_ar
X,”_ As as

AX
="" (40
x,T.A As

and then scaled by parameter a in Eq. (17) to ensure that the length of
the total direction vector is 1.

B. Stability Analysis

The Poincaré stability condition of Eq. (20) can be readily
evaluated from INC calculations. The Jacobian, A (), of function
f(x,) is obtained from Eq. (26) as part of these calculations. The
divergence of f(x) can be easily evaluated from V-f(x, )=
trace(A ;) where trace denotes the sum of the diagonal elements of a
square matrix. The Poincaré condition approximately becomes

m

Z trace(A;) <0 41)
j=1

Notice that in previous calculations A; is only available for the
starting orbit x,. Therefore, A ; must be recalculated for the current
orbit X, + AX.

A much faster approximate estimation of the stability of a periodic
orbit can be obtained by considering a small disturbance. For a
periodic orbit to be stable, trajectories starting from initial conditions
close to the orbit should always end up on the orbit itself as time tends
to infinity. Define a set of initial conditions Ax(0) such that

AZ(0) = Ax(0) + ¢ (42)

where € is a n x 1 vector of magnitude much smaller than Ax(0).
The initial conditions Ax(0) will cause the system to follow a
trajectory Ax(¢). If the periodic orbit Ax(¢) is stable then

lim AX (1) — Ax(1) =0
1—00

An equivalent condition can be used to speed up calculations,
looking at the behavior of the trajectory AX(t) over a single period.
For stability, AX(7) must be closer to Ax(7) than Ax(0) is to
Ax(0). This can be written as

(AX(T) — Ax(T))" (AX(T) — Ax(T))
< (A%(0) — Ax(0))7 (A%(0) — Ax(0)) 43)

From Eq. (34), Ax(T) is estimated by AX,,, which can be obtained as
AX, =P, Ax;+Q, AT +R,_, (44)

so that Eq. (43) can be rewritten as
e™!_ P, e<ele 45)

This calculation can be performed numerically, for example, by
setting & = 0.1Ax(0) and checking whether Eq. (45) is true.

A more thorough but computationally expensive way of assessing
the stability of the trajectory is to use the Floquet theory. According
to this theory the trajectory is stable if the eigenvalues of the
monodromy matrix, M, all lie inside the unit circle, that is, their
magnitudes are less than 1. For the discrete representation considered
here the monodromy matrix is given by

M= exp(&i A,-) (46)
=1

where exp denotes the matrix exponential. The advantage of using
the monodromy matrix as a stability criterion is that, by examining
the behavior of its eigenvalues, the changes in stability can be
explained.

IV. Implementation

All the algorithms described previously were implemented using a
combination of Matlab and Matlab-compatible C code (mex files).
The Matlab interface was used to define the system and to set the
continuation and simulation parameters. The numerical integrations
were carried out using the mex file by means of a fifth-order Runge—
Kutta scheme [18]. The continuation results were produced
effectively and efficiently even for a realistic aeroelastic system with
42 states. The codes developed were run on a 1.25-GHz G4
Powerbook with 1.25 MB of RAM; in other words, the
computational requirements are very light, even for the largest
aeroelastic model treated later in this paper.

V. Pitch-Plunge Airfoil Model

In this section, the two continuation methods outlined previously
are applied to the pitch—plunge airfoil aeroelastic model. This model
has been used for aeroelastic research since the Theodorsen era and
has found applications in the investigation of nonlinear aeroelasticity
over the last two decades. Lee et al. [19,20] used the pitch—plunge
airfoil with cubic and other nonlinear stiffnesses to demonstrate some
basic nonlinear aeroelastic phenomena. Tang et al. [21] and Liu and
Dowell [22] used a version of the same airfoil with a control surface
to demonstrate secondary bifurcations and to apply a higher order
harmonic balance method, respectively. More recently, Millman
et al. [23] used the pitch—plunge airfoil to analyze chaotic
bifurcations and Baldelli et al. [24] demonstrated a robust solution
method for aeroelastic systems containing uncertainties. Marsden
and Price [25] built a wind-tunnel model of the nonlinear airfoil and
compared the responses to simulation results. Lee et al. [26] returned
to the simulated model with cubic stiffness to investigate the
effectiveness of higher order harmonic balance methods and to
investigate bifurcations in the presence of two cubic springs [27].

The pitch—plunge airfoil without control surface, as investigated
by Lee et al. [26,27], will be the subject of the application of
continuation methods in this paper. It consists of a two-dimensional
airfoil with pitch and plunge degrees of freedom, restrained by
torsion and extension springs, respectively; both of these springs can
be nonlinear. The aerodynamic forces are calculated using
incompressible, inviscid, thin airfoil, unsteady assumptions. The
equations of motion for the system are
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Co € & €y €3 3
+
d() d2 Ol” d2 d3 O/
¢4+ o Cs &
+
dy ds +dy o

wy
n Co C7 Cg C9 Wy " ciové —0 @7
dg¢ d; dg dy w3 dyope’
Wy

where £ is the nondimensional plunge displacement, « is the pitch
angle in rad, the (prime) denotes differentiation with respect to
nondimensional time, and y and § are cubic stiffness coefficients.
The coefficients c¢;, d; are given in several (if not all) of the
publications mentioned previously but are included as an Appendix
to this paper for completeness.

In Lee et al. [26], results from this model are presented for the case
where u =100, r, =05, a,=-0.5, {=¢ =0, x,=0.25,
@ =0.2, 8 =80,and y = 0. Lee et al. used numerical integration to
solve Eq. (47); they observed an initial Hopf bifurcation leading to
limit cycle oscillations at the linear flutter speed U}, followed by a
jump in LCO amplitude and frequency at around U*/U; = 2. This
jump occurred at slightly different airspeeds, depending on the initial
conditions used for the numerical integration [26,27]. Numerical

integration did not reveal the cause of this jump and neither did the
harmonic balance analysis they performed. The numerical
integration results, recalculated by this author, are shown in Fig. 1.
The maximum plunge amplitude, pitch amplitude, and LCO
frequency are plotted at several postcritical airspeeds. The jump at
around U*/ U} = 2 is clearly visible.

The power of numerical continuation lies not only in quickly
estimating LCO amplitude and frequency for many parameter values
but also in fully characterizing all the bifurcation phenomena
occurring in the parameter space of interest. Here, the shooting
method was applied to Eq. (47). The results from this application are
plotted in Fig. 2, along with the numerical integration results of
Fig. 1. The method detected a supercritical Hopf bifurcation at
Uj = 6.29, followed by a fold bifurcation, which causes the jump
effect observed by Lee et al. The LCO branch reaches a maximum
airspeed ratio of 2.35, at which point it becomes unstable and folds
over toward decreasing airspeed values. The branch becomes stable
again and folds toward positive airspeed values at U*/U; = 1.85.
This means that between airspeed ratios of 1.85 and 2.35 the system
can undergo two possible stable limit cycles. Which one it will
eventually follow depends on initial conditions. Numerical continua-
tion has provided a complete explanation of the jump phenomenon
observed by Liu et al. and left unexplained by numerical integration
and harmonic balance analysis. It should be noted, however, that a
higher order harmonic balance method could have yielded results
similar to those presented in Fig. 2 but only if it was implemented
within a continuation framework [28].
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Fig. 1

Numerical integration results for pitch—-plunge airfoil with 8 = 80, y = 0 [26].
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Fig. 2 Numerical continuation results for pitch—plunge airfoil with § = 80, y = 0.

Lee and Liu [27] demonstrated using numerical integration that,
when y = 20 and all other parameters remain as before, a different
jump phenomenon is observed, this time independent of initial
conditions. They identified the cause of this jump as a secondary
Hopf bifurcation. Numerical continuation can provide evidence that
indeed this is the cause of the jump by looking at the eigenvalues of
the matrix (0F/0x(0) 0F/dT) in Eq. (10). When a pair of
eigenvalues of this matrix becomes purely imaginary, a secondary
Hopf bifurcation occurs. Figure 3 shows the variation of the real part
of some of the eigenvalues, obtained when applying the shooting
method. It can be seen that one of the real parts becomes zero at
U*/U; =1.78. The LCO amplitude and frequency predictions
obtained from numerical continuation are presented in Fig. 4, along
with numerical integration results. It can be seen that the jump
coincides with the secondary Hopf bifurcation.

VI. Generic Transport Aircraft Model

Although the demonstration of the previous section is interesting,
it is important to determine whether continuation approaches can be
applied to more realistic and significantly larger models. The model
studied in this section is a generic transport aircraft (GTA) as defined
in the ZAERO manual [29] and used in several research publications,
for example, Karpel et al. [30]. The model was created using MSC-
NASTRAN software and includes structural information calculated
from a finite element grid and aerodynamic information obtained
using the doublet lattice method. The aircraft has a straight

rectangular wing and a T tail with a straight rectangular tailplane.
Five aerodynamic control surfaces are included, two ailerons, two
elevators, and arudder. No engines are modeled. Figure 5a shows the
aerodynamic grid and Fig. 5b the structural grid. The structure is a
finite element stick model created using bar elements. The masses are

0.5 T T T T T

Real parts of eigenvalues

-1 1 1 ; .

1.4 1.5 1.6 1‘.7 1.8 1.9 2
U,

Fig. 3 Evolution of real parts of eigenvalues with airspeed for case

B =80,y =20.
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Fig. 4 Numerical continuation results for pitch—plunge airfoil with g = 80, y = 20.

distributed on the nodes to obtain the correct mode shapes and
frequencies.

The equations of motion for the GTA are obtained in modal
space as

M + Cq + Kq = 4Q(jk) (48)

where M is the modal mass matrix, C is the modal damping matrix,
K is the modal stiffness matrix, q are modal coordinates, g is the
dynamic pressure, and Q(yk) are the aerodynamic forces, which are
functions of the reduced frequency, k. The number of retained
modes, n,,, is 7. The equations of motion are transformed to first-
order form using Roger’s approximation [31]. The aerodynamic
forces are written in the form

The full first-order equations become

np k
QUK = Ay + Ak + A0 + Y Asy, T @9)
= Jk+v;

where A; are n,, X n,, real matrices and y; are aerodynamic lag
coefficients calculated from

J

=17k ————
Vi max (n, + 1)2

(50)

with k., being the maximum reduced frequency at which the
aerodynamic matrix, Q(yk), was obtained from NASTRAN and n,
being chosen as equal to 4.

M7'A, M'A;, M 'Aq
0 0 0
0 0 0
51
—Vy,/bI 0 o |¥ 51
0 —Vy,/bl 0
0 0 —Vy,/bl
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a) Aerodynamic grid

b) Structural grid
Fig. 5 Aerodynamic and structural grids for the GTA model.

where V is the airspeed and

- b\?2 - b -
M:M—q(‘—/) A, C:C—qvAl K=M-¢A,

As = —qA¢
(52)

Ay =—qA, A, =—qA, As = —qgA;

The state vector x is now of the formx = [q” q” xI7]", where x,,

are aerodynamic states. The total number of states in Egs. (51) is
6n,, =42.

Figure 6 shows the resulting modal frequencies and damping
ratios obtained from the GTA model for a range of airspeeds at sea
level. It can be clearly seen that one of the damping ratios crosses zero
at an airspeed of just under 200 m/s, causing flutter.

Structural nonlinearity was included in the GTA model by
replacing the springs connecting the aerodynamic control surfaces by
nonlinear springs. In this study the case where the right-hand aileron
stiffness is nonlinear will be considered. Two nonlinearities are
treated, cubic and freeplay. The finite element grid contains n, =
678 nodes. The right-hand aileron angle is given by the difference
between the rotations at nodes 563 and 623. To implement
nonlinearity in the model the elements of the physical structural
stiffness matrix (563,563), (563,623), (623,563), and (623,623) are
set to zero and the resulting matrix is transformed to modal
coordinates. In the case of cubic stiffness a nonlinear force of the
form

£, = ®NK, ¢’ (53)

is added to the equations of motion, where ® is the n,, X n, modal
matrix, N is a n, x 1 vector whose elements are all zero apart from

[
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Fig. 6 Modal frequencies and dampings for the GTA model.

elements 563 and 623 which are equal to 1, K, is a cubic stiffness
coefficient, and ¢ is the right-hand aileron angle.
In the case of freeplay stiffness a nonlinear force of the form

K p—08) ifp=>36
f,,=®N!{ 0 ifs<p<$ (54)
Kip+6) ifp=$

is added to the equations of motion where K ; is a stiffness coefficient
and § is equal to half the width of the freeplay region. In the present
study the stiffness K, was chosen equal to that of the linear system
whose natural frequencies and damping ratios are plotted in Fig. 6.
The freeplay amplitude § is chosen equal to 0.005 rad, that is, almost
0.3 deg.

Although a single nonlinearity is included in the two models for
this demonstration, the number of nonlinearities can be increased for
negligible computational cost. For both types of nonlinearity three
sets of results are presented, one obtained from the shooting method,
one from incremental numerical continuation, and one from simple
numerical integration.

A. Shooting Method Results

The shooting method results were obtained using the Runge—
Kutta fifth-order scheme mentioned earlier to evaluate Eq. (9) with
m = 251. Pseudoarclength continuation was chosen and the
contraction rate was chosen as k = 0.013, while the initial arclength
increment was set to As = 20. The initial periodic solution was
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obtained using Eq. (13). The system Jacobian was updated using
Broyden’s method.

The bifurcation behavior of the GTA model with cubic stiffness
can be observed in Fig. 7. The figure plots the LCO amplitude and
period variation with airspeed obtained from the shooting approach
(line) and numerical integration (circles). It can be seen that the initial
Hopf bifurcation is followed by a slow increase in LCO amplitude
and decrease in LCO period. The changes in these two quantities
accelerate briefly after 206 m/s until a turning point is reached at
214 m/s. The turning pointis a fold, which is easily negotiated by the
pseudoarclength technique. The limit cycle becomes unstable and
moves toward lower airspeeds until it folds again toward higher
airspeeds and becomes stable again. The numerical continuation
results were obtained for another three occurrences of this phenom-
enon and then stopped. Numerical integration results were calculated
only for the first two folds.

Figure 7 shows that, although there is only one possible low
amplitude limit cycle at airspeeds less than 202 m/s, at higher
airspeeds there is a multitude of possible limit cycles with
progressively higher amplitudes. This phenomenon can only be fully
observed in the numerical continuation results. Numerical integra-
tion will only calculate the stable parts of the branch and is much
more computationally expensive as integrations must be carried out
using a matrix of combinations of initial conditions and airspeeds.
The higher number of states makes this an impossible task. In
the present study the numerical integration results for the higher
amplitude LCOs were obtained using the numerical continuation
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Fig. 7 LCO amplitude and period for GTA with cubic stiffness
(shooting method).

predictions as initial conditions, only as a check to verify that these
are truly attainable LCOs.

The bifurcation behavior of the GTA model with freeplay is
dictated by the stability of two underlying linear systems: one with
zero stiffness in the right-hand aileron (here called the inner linear
system) and one with stiffness K, (outer linear system). The flutter
speed of the inner linear system at sea level is 191.7 m/s. At this
airspeed the nonlinear system starts to undergo LCOs with amplitude
equal to §. The outer linear system flutters at 204.1 m/s. At this
airspeed the nonlinear system also undergoes divergent oscillations.

Figure 8 plots the LCO amplitude and period against airspeed
obtained from the shooting approach (line) together with the
numerical integration results (circles). It can be seen that the two sets
of results agree quite closely.

The LCO amplitude plot shows that, as expected, LCOs first
appear at the flutter speed of the inner linear system and their
amplitude is equal to §. The amplitude then increases with airspeed
until it shoots off to infinity at the flutter speed of the outer linear
system. The period of the LCOs decreases monotonically with
airspeed. It should be noted that the existence of the discontinuity
complicates numerical integration in that the time instances at which
the nonlinear force switches between one of its three possible values
must be calculated to within a suitable tolerance. Various authors
have proposed iterative schemes to pinpoint these time instances. As
the shooting method also depends on numerical integration, the same
considerations should apply. In this author’s opinion the exact
location of switching time instances is not necessary if the time step is
small enough. To test this opinion, the numerical integration results
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Fig. 8 LCO amplitude and period for GTA with freeplay stiffness
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in Fig. 8 were obtained with switch time location but the numerical
continuation results without. The good agreement between the two
sets of results seems to support this assertion.

B. Incremental Numerical Continuation Results

Incremental numerical continuation does not solve the full
nonlinear equations of motion. It solves Eq. (27), which is a
tangential linearization of the nonlinear equations of motion.
Equation (27) is only usable when Ax, AT, and AA are small, for
example, |AA| < 1. For an aeroelastic system, it can be expected
that the increments in modal displacements and the period with
airspeed are small. However, continuing a solution from, say, 100 to
200 m/s in increments of 0.01 m/s is tremendously wasteful in
computational resources. Therefore, A cannot be chosen to be the
airspeed. To speed up the continuation process, A can be chosen as a
scaled airspeed, for example, A = V/r, where r is a scale factor.
Therefore, AL = AV/rensures that Eq. (27) is valid while allowing
the continuation process to move in reasonably high airspeed
increments.

Furthermore, incremental numerical continuation uses forward
finite differences to solve for Ax, which is a method accurate to
O(87). As a consequence, the number of samples in one full period,
m, must be sufficiently large to ensure a high level of accuracy.

Incremental numerical continuation was implemented for the
GTA using r =100 and various values for m. Pseudoarclength
continuation was used with a constant arclength increment set to
As = 8. Figure 9 shows the LCO amplitude and period predicted for
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Fig. 9 LCO amplitude and period for GTA with freeplay stiffness
(incremental numerical continuation).

the GTA with freeplay compared to the numerical integration results.
It can be clearly seen that increasing values of m yield significantly
improved LCO estimates. The m = 501 case fails completely, while
the m = 1001 case fails to follow the sharp rise in LCO amplitude as
the flutter speed of the outer linear system is approached. The
m = 2001 case is qualitatively correct but inaccurate at higher
airspeeds, while the m = 4001 case is quite accurate at all airspeeds.

Figure 10 presents the incremental numerical continuation results
for LCO amplitude and frequency for the GTA with cubic stiffness.
Three sets of results are shown, a continuation result obtained using
m = 4001, a continuation result calculated from m = 10, 001, and a
numerical integration result. It can be seen that the m = 4001
predictions are accurate for the part of the LCO branch before the first
fold. After the fold the predictions deteriorate. The m = 10,001
curve shows that the section of the branch between the first two folds
is predicted quite accurately but the section after the second fold is
slightly less accurate. Because of the nature of the incremental
continuation method, its accuracy will always drop with increasing
arclength 5. Having said that, the method offers reasonable accuracy
for a comparatively low computational cost.

The significant increase in sampling rate required by the
incremental numerical continuation method is not detrimental to the
computational efficiency of the method. Even for m = 10, 001, the
approach is significantly faster than the shooting method. The main
computational advantage of incremental numerical continuation is,
of course, the fact that Newton iterations at every step are not
required.
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(incremental numerical continuation).



904 DIMITRIADIS

VII. Conclusions

A complete methodology has been presented for the prediction of
the bifurcation and postbifurcation behavior of nonlinear subsonic
aircraft using numerical continuation. Two efficient methods have
been described, tailored to the needs of practical aeroelastic systems
and coded using simple tools and low computational requirements.
The power of numerical continuation was demonstrated on a pitch—
plunge airfoil where it was shown that the approach can completely
characterize the whole spectrum of system responses, unlike
numerical integration. Both continuation methods described in this
paper have been demonstrated on a realistic aeroelastic model of a
transport aircraft with two types of nonlinearity. The shooting tech-
nique is very accurate while the incremental continuation approach
offers a reasonable degree of accuracy at lower computational cost.

It should be noted that, as presented here, continuation methods
can be applied only to aircraft with linear aerodynamics that can be
written in a rational fraction approximation form, because they are
only applicable to ordinary differential equations. Nonlinear
aerodynamics, such as transonic flow phenomena, can only be
adequately modeled by the solution of the Euler or Navier—Stokes
equations. Similarly, structural nonlinearities arising from large
deformation can only be handled using nonlinear finite element
approaches. In such cases numerical continuation must be
implemented so that it can solve partial differential equations. This
possibility has been discussed [32] but this author has yet to see
results from aeroelastic problems. However, considering the huge
computational cost of coupled computational fluid dynamics and
computational structural dynamics solutions for full aircraft, the
application of numerical continuation to such problems may be an
important avenue of research.

Appendix: Values of Coefficients in Pitch—Plunge Airfoil
Equations of Motion

c=1+1/pn

CL=Xg—ay/1t
¢y =2(1 = Y = ¥) /o + 266/ U*
=0+ 0-2a,)0 -9, —¥))/n
¢y =2e Y + &) /1
es =21 =y — Vo + (1/2 —a) &1V + &292)) /1
co =26Y1(1 —&,(1/2—a)))/ 1
¢7 = 2e,9(1 = £5(1/2 = a))) /1
cg = =261y /1
co=—2630/ 1
o = (&/U*)
dy = x4/ 13 = @/ (n13)

dy=1+ (1 + Saﬁ)/(smg)

dy = =(1+2a,)(1 =¥, = )/ (13

dy = (1 -2a;)/ (213

= (14 20,)(1 = 2a,)(1 =Yy = ¥)/ (2073 + 24,/ U°
dy = —(1+2a,)(e, ¥, + 52‘/f2)/(/”5)

ds = =(1+2a,)(1 =¥, = )/ (ur3)
= (1+2a,)(1 = 2a,) (e — ex9)/ (2012

dg = —(1+2a,)ye,(1 = &,(1/2 = @)/ (113
dy = =(1+2a,)ye2(1 = £2(1/2 = @)/ (13
dg=(1+ zah)l/fls%/(ﬂrg)

dy = (1 + 24,93/ (3

dig= (I/U*)2

where u is the airfoil/air mass ratio; x,, is the distance between the
elastic axis and the center of mass divided by the half-cord, b; a,, is
the distance between the midchord and the elastic axis divided by the
half-cord; r, is a measure of the radius of gyration around the elastic
axis; ¥, =0.165, ¥, =0.335, & =0.0455, and &, =0.3 are
constants in Jones’s approximation of Wagner’s function; {¢ and ¢,
are viscous damping ratios in plunge and pitch, respectively; @ is the
ratio of plunge and pitch natural frequencies; and U* is a
nondimensional velocity.
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